Introduction {#Sec1}
============

In this paper, we mainly consider solving the nonlinear optimization problem (NLP) with the inequality constraints, where the objective function and the constrained functions are Lipschitz continuously differentiable functions. We give the Lagrangian function associated with this problem, then the *Karush--Kuhn--Tucker* (KKT) optimality conditions for our solved problem can be obtained.

It is well known that the KKT optimality conditions is a mixed nonlinear complementarity problem (NCP). And this NCP has attracted much attention due to its various applications \[[@CR1]--[@CR3]\] such as the economic equilibrium problem, the restructuring problems of electricity and gas markets, and so on. Of course, there are many efficient methods for solving the NCP, which can be seen in \[[@CR4]--[@CR7]\]. One popular way to solve the NCP is to construct a Newton method for solving the related nonlinear equations, which is a reformulation of the KKT optimality condition. Another way is to use the filter method to directly solve the NLP with the inequality constraints. Recently Pu, Li, and Xue \[[@CR8]\] proposed a new quadratic programming (QP)-free infeasible method for minimizing a smooth function subject to some inequality constraints. This method is based on the solution of nonsmooth equations which are obtained by the multiplier and the Fischer--Burmeister NCP function for the KKT conditions. They proved that the method had a superlinear convergence rate under some mild conditions.

Fletcher and Leyffer \[[@CR9]\] proposed a filter method for solving the NLP problem, which was an alternative to the traditional merit functions approach. Provided that there is a sufficient decrease in the objective function or the constraints violation function, it was shown that the trial points generated from solving a sequence of trust region QP subproblems are accepted. In addition, the computational results reported in \[[@CR9], [@CR10]\] are also very encouraging. For more related methods, one can refer to \[[@CR11]--[@CR16]\].

Stimulated by the progress in these two aspects, in this paper, we propose a nonmonotone filter QP-free infeasible method for minimizing a smooth function subject to smooth inequality constraints. This proposed iterative method is based on the solution of nonsmooth equations, which are obtained by the multiplier and some NCP functions for the KKT first order optimality conditions. And each iteration of this method can be viewed as a perturbation of a Newton or quasi-Newton iteration on both the primal and dual variables for the solution of the KKT optimality conditions. Specifically, we use the filter on the linear search with a nonmonotone acceptance mechanism \[[@CR17], [@CR18]\]. Moreover, we also consider to use the NCP function in the filter. Thus our algorithm can avoid the incompatibility, which may appear in the filter SQP algorithm. We also give the global convergence and the superlinear convergence rate of the proposed method under some mild conditions. Finally, we take some numerical tests to illustrate the effectiveness of the proposed filter QP-free infeasible method.

The rest of this paper is organized as follows. In Sect. [2](#Sec2){ref-type="sec"}, we give some preliminaries and the formulation of the solved problem. Then we propose an infeasible filter QP-free method. In Sect. [3](#Sec6){ref-type="sec"}, we show that the proposed method is well defined and establish its global convergence and superlinear convergence rate under some mild conditions. Some numerical tests are given in Sect. [4](#Sec7){ref-type="sec"}. Finally, we give some brief conclusions in Sect. [5](#Sec8){ref-type="sec"}.

Preliminaries and algorithm {#Sec2}
===========================

In this section, we firstly introduce the formulation of the solved problem. Then we give some preliminaries for structuring a new filter QP-free method. Finally, we present the structure of our proposed method in detail.
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Preliminaries {#Sec3}
-------------

In this subsection, we give the definition of Fischer--Burmeister NCP function and some related Jacobian functions in different cases. Both theoretical results and computational experience have indicated that the nonsmooth methods based on the Fischer--Burmeister NCP function are efficient. The Fischer--Burmeister function has a very simple structure, which is defined as $$\documentclass[12pt]{minimal}
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Clearly, the KKT optimality conditions ([2](#Equ2){ref-type=""}) can be equivalently reformulated as the nonsmooth equations $\documentclass[12pt]{minimal}
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Algorithm {#Sec4}
---------

In this subsection, we give the process and the framework of the filter QP-free method for solving problem ([1](#Equ1){ref-type=""}). We firstly give some closed forms for preparing the method.
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Based on the above given information, we now give the framework of the nonmonotone filter QP-free infeasible method (NFQPIM) for minimizing a smooth function subject to smooth inequality constraints as follows in Algorithm 1. Algorithm 1NFQPIM

### Remark 1 {#FPar1}
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Implementation {#Sec5}
--------------

In this subsection, we give the implementation of the proposed NFQPIM. Firstly, we suppose that the following assumptions A1--A3 hold. A1.The level set $\documentclass[12pt]{minimal}
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### Lemma 1 {#FPar2}
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### Proof {#FPar3}
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### Lemma 2 {#FPar4}
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d \\
\lambda \\
\end{pmatrix} = \begin{pmatrix}
{- \nabla f^{\ast}} \\
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It is clear that the following lemma holds, with reference to \[[@CR8]\].

### Lemma 3 {#FPar5}
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### Proof {#FPar6}
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### Lemma 4 {#FPar7}
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### Proof {#FPar8}
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### Lemma 5 {#FPar9}
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### Proof {#FPar10}
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                \begin{document} $$\begin{aligned} & \bigl\Vert \Phi_{1}^{k}+t\bigl(\operatorname{diag} \bigl(\bar{\xi}^{k1}\bigr) \bigl(\nabla G^{k} \bigr)^{T}d^{k1}+ \operatorname{diag}\bigl(\bar{\eta}^{k1} \bigr)\lambda^{k1}\bigr) \bigr\Vert ^{2} \\ &\quad = (1-2t) \bigl\Vert \Phi_{1}^{k} \bigr\Vert ^{2}+ t \bigl\Vert \operatorname{diag}\bigl(\bar{\xi}^{k1} \bigr) \bigl(\nabla G^{k}\bigr)^{T}d^{k1} + \operatorname{diag}\bigl(\bar{\eta}^{k1}\bigr)\lambda^{k1} \bigr\Vert ^{2}. \end{aligned}$$ \end{document}$$

It follows from ([22](#Equ17){ref-type=""}) and ([23](#Equ18){ref-type=""}) that, given any $\documentclass[12pt]{minimal}
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### Lemma 6 {#FPar11}
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### Proof {#FPar12}
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Convergence {#Sec6}
===========

In this section, we discuss the global and superlinear convergence rate of the proposed method. We give the following A4 and suppose that the assumptions A1--A4 hold in this section. A4.For all *k* and some $\documentclass[12pt]{minimal}
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-----
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Lemma 8 {#FPar15}
-------
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Theorem 1 {#FPar16}
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Proof {#FPar17}
-----

It is obvious that Lemmas [8](#FPar15){ref-type="sec"} and [2](#FPar4){ref-type="sec"} imply that Theorem [1](#FPar16){ref-type="sec"} holds. □
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Lemma 9 {#FPar18}
-------
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Furthermore, Lemma [10](#FPar20){ref-type="sec"} implies that the following theorem holds.
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---------
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Numerical tests {#Sec7}
===============

We use Algorithm 1 (NFQPIM) for the constrained optimization problems (see \[[@CR19]\]): $\documentclass[12pt]{minimal}
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Conclusions {#Sec8}
===========

In this paper, we developed a nonmonotone filter QP-free infeasible method for minimizing a smooth optimization problem with inequality constraints. This proposed method is based on the solution of nonsmooth equations which are obtained by the multiplier and some NCP functions for the KKT first-order optimality conditions. At each iteration of the proposed method, it was a perturbation of a Newton or quasi-Newton iteration on both the primal and dual variables for the solution of the KKT optimality conditions. Moreover, we used the filter on linear searches with a nonmonotone acceptance mechanism. We also showed that the proposed method had a global convergence and a superlinear convergence rate. Finally, the numerical results illustrated that the proposed method was efficient. However, how to apply this method to the real optimal problem will be studied in the near future.
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